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Abstract
Recently, Shin and Sung found new identities for Kloosterman sums over F2m with odd m:
They posed the question whether similar results could be obtained for even m: In this paper,
we will give a positive answer to this question. We will present new results that hold for any m
and include as special cases the results of Shin and Sung in the case where m is odd.
r 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
Let F2m denote the ﬁnite ﬁeld with 2
m elements and let Fn2m ¼ F2m\f0g: Let TrðxÞ be
the trace function from F2m to F2 deﬁned by
TrðxÞ ¼
Xm1
i¼0
x2
i
:
The Kloosterman sum KðaÞ over F2m is deﬁned for any aAF2m by
KðaÞ ¼
X
xAFn
2m
ð1ÞTrðaxþ1xÞ:
Kloosterman sums have been studied by many researchers. Some examples of earlier
results in this area can be found in Carlitz [2] and Fisher [3]. Recently, Helleseth and
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Zinoviev [6] found the weight distribution of the cosets of the Goethals code over Z4:
For most cosets they succeeded in ﬁnding an explicit expression for the weight
distribution. For some cosets, they could express the weight distribution in terms of
Kloosterman sums. In a separate paper [4], Helleseth and Zinoviev used these
relations to arrive at new identities for Kloosterman sums over F2m for any positive
integer m:
In another recent paper, Shin et al. [7] studied 3-designs in the Goethals code of
length 2m; m odd, over Z4: They found that the existence of certain 3-designs was
equivalent to the identity Kð a
1þa4Þ ¼ Kð a
3
1þa4Þ for all aAF2m\f1g; and they proved this
identity for all odd values of m: This relation was extended to the case m even by
Helleseth and Zinoviev [5].
Recently, Shin and Sung [8] generalized ideas in Shin et al. [7] further and found
new identities for Kloosterman sums over F2m with odd m: They posed the question
whether similar results could be obtained for m even. In this paper, we will answer
this question. We will present new identities for Kloosterman sums that hold for any
m and include in the special case m odd the previous relations by Shin and Sung for
odd m:
The main result in this paper leads to the following new identities of Kloosterman
sums over F2m : For any positive integer m; we have Kða3ð1þ aÞÞ ¼ Kðað1þ aÞ3Þ and
Kða5ð1þ aÞÞ ¼ Kðað1þ aÞ5Þ: In the special case m odd, the ﬁrst of these identities is
the result due to Shin et al. [7].
2. New Kloosterman sums identities
In this section, we will ﬁrst give some useful lemmas needed in order to prove our
main result on Kloosterman sums. The following lemma describes some useful
permutations of F2m :
Lemma 1. Let dAF2m be an element with TrðdÞ ¼ 1: Then in each of the cases l ¼ 0
and 1,
pðxÞ ¼ 1
x2 þ x þ d
 2l
þx
is a permutation of F2m where m is any positive integer.
Proof. We ﬁrst consider the case l ¼ 0: Let cAF2m ; we will show that pðxÞ ¼ c has a
unique solution xAF2m : Since TrðdÞ ¼ 1; we have x2 þ x þ da0 for all xAF2m :
Suppose that pðxÞ ¼ c; then
1þ xðx2 þ x þ dÞ ¼ cðx2 þ x þ dÞ
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which is equivalent to x being a solution of
tðxÞ ¼ x3 þ ðc þ 1Þx2 þ ðc þ dÞx þ cdþ 1 ¼ 0:
We have,
tðx þ cÞ ¼ ðx þ cÞ3 þ ðc þ 1Þðx þ cÞ2 þ ðc þ dÞðx þ cÞ þ cdþ 1
¼ x3 þ x2c þ xc2 þ c3 þ cx2 þ x2 þ c3 þ c2 þ cx þ dx þ c2 þ dc þ cdþ 1
¼ x3 þ x2 þ ðc2 þ c þ dÞx þ 1:
Let a ¼ c2 þ c þ d; then TrðaÞ ¼ 1: It is sufﬁcient to show that the equation
qðxÞ ¼ x3 þ x2 þ ax þ 1 ¼ 0; TrðaÞ ¼ 1
or equivalently that the equation
qðx þ 1Þ ¼ x3 þ ða þ 1Þx þ a þ 1 ¼ 0; TrðaÞ ¼ 1
has a unique solution in F2m : From Berlekamp et al. [1], it is known that x
3 þ a0x þ
a1 ¼ 0 has a unique solution in F2m if and only if Trða30=a21ÞaTrð1Þ: In our case, we
have a unique solution since the condition becomes TrðaÞ ¼ 1 which holds. Hence,
pðxÞ is a permutation when l ¼ 0:
We next consider the case l ¼ 1: We will show that if pðxÞ ¼ pðyÞ for x; yAF2m then
x ¼ y: Since TrðdÞ ¼ 1; we have x2 þ x þ da0 for all xAF2m : Therefore, if
1
x2 þ x þ d
 2
þx ¼ 1
y2 þ y þ d
 2
þy;
we have
ðx þ yÞððx2 þ x þ dÞðy2 þ y þ dÞÞ2 ¼ ðx2 þ x þ dþ y2 þ y þ dÞ2
which is equivalent to
ðx þ yÞððx2 þ xÞðy2 þ yÞ þ dðx2 þ x þ y2 þ yÞ þ d2Þ2 ¼ ðx2 þ y2 þ x þ yÞ2:
Let u ¼ x þ y and v ¼ xy; then this is equivalent to
uðvðv þ u þ 1Þ þ dðu2 þ uÞ þ d2Þ2 ¼ ðu2 þ uÞ2:
We will show that u ¼ x þ y ¼ 0: Suppose that ua0; then raising both sides to the
2m1 power and dividing by u2
m1
; we obtain the equation
v2 þ ðu þ 1Þv þ dðu2 þ uÞ þ d2 þ ðu2 þ uÞ=u2m1 ¼ 0:
In the case u ¼ 1; we have v ¼ d but, since x and y are roots of z2 þ uz þ v ¼ 0 we
obtain a contradiction since this equation has no roots in F2m ; since Trðv=u2Þ ¼
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TrðdÞ ¼ 1: In the case uaf0; 1g; the equation above has a solution v ¼ xy in F2m if
and only if A ¼ 0; where
A ¼ Tr dðu
2 þ uÞ þ d2 þ ðu2 þ uÞ=u2m1
ðu þ 1Þ2
 !
:
However, standard properties of the trace function now lead to the following
contradiction, which completes the proof:
A ¼Tr du
u þ 1þ
d
u þ 1þ
u
ðu þ 1Þu2m1
 
¼Tr dþ u
2
ðu þ 1Þ2u
 !
¼ 1þ Tr uðu þ 1Þ2
 !
¼ 1þ Tr u þ 1ðu þ 1Þ2 þ
1
ðu þ 1Þ2
 !
¼ 1þ Tr 1
u þ 1þ
1
ðu þ 1Þ2
 !
¼ 1: &
The next theorem answers the question posed in Shin and Sung [8] and generalizes
this to other cases. Their result corresponds to the special case l ¼ 0 and m odd.
Theorem 1. Let f ðxÞ and gðxÞ be functions from a subset D of F2m into F2m ; where m is
any positive integer. Define the multisets f ðDÞ ¼ ff ðxÞ j xADg; gðDÞ ¼ fgðxÞ j xADg:
Let l be an integer such that pðxÞ ¼ ð 1
x2þxþdÞ
2l þ x is a permutation of F2m : If f ðDÞ ¼
gðDÞ and f ðxÞgðxÞ ¼ ðf ðxÞ þ gðxÞÞ2lþ1þ2 for all xAD then Kðf ðaÞÞ ¼ KðgðaÞÞ for all
aAD:
Lemma 2. Let f ðxÞ and gðxÞ satisfy the conditions of Theorem 1, then for all aAD with
the property that f ðaÞagðaÞ; it holds that
X
zAFn
2m
;TrðzÞ¼1
ð1ÞTrð
f ðaÞþgðaÞ
z
þ f ðaÞ
f ðaÞþgðaÞzÞ ¼ 0:
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Proof. We can select an element dAFn2m such that TrðdÞ ¼ 1: Then x2 þ x þ d
runs twice through all elements z of F2m with TrðzÞ ¼ 1 when x runs through F2m :
Let
hðxÞ ¼ f ðaÞ þ gðaÞ
x2 þ x þ d þ
f ðaÞ
f ðaÞ þ gðaÞ ðx
2 þ x þ dÞ:
Therefore, to prove the result, it is equivalent to show that
X
xAF2m
ð1ÞTrðhðxÞÞ ¼ 0:
We have,
TrðhðxÞÞ ¼Tr f ðaÞ þ gðaÞ
x2 þ x þ d þ
f ðaÞ
f ðaÞ þ gðaÞ ðx
2 þ x þ dÞ
 
¼Tr f ðaÞ
f ðaÞ þ gðaÞ dþ
f ðaÞ þ gðaÞ
x2 þ x þ d þ
f ðaÞ
f ðaÞ þ gðaÞ þ
f ðaÞ2
f ðaÞ2 þ gðaÞ2
 !
x2
 !
¼Tr f ðaÞ
f ðaÞ þ gðaÞ dþ
f ðaÞ þ gðaÞ
x2 þ x þ d þ
f ðaÞgðaÞ
f ðaÞ2 þ gðaÞ2 x
2
 !
¼Tr f ðaÞ
f ðaÞ þ gðaÞ dþ ðf ðaÞ þ gðaÞÞ
2l 1
x2 þ x þ d
 2l
þx
 ! !
¼Tr f ðaÞ
f ðaÞ þ gðaÞdþ ðf ðaÞ þ gðaÞÞ
2l
pðxÞ
 
:
Since, the hypothesis of Theorem 1 assumes that pðxÞ is a permutation, it follows
that when f ðaÞagðaÞ; TrðhðxÞÞ takes on the values 0 and 1 equally often when x
runs through F2m : This completes the proof of the lemma. &
Proof of Theorem 1. Let f ðxÞ and gðxÞ satisfy the conditions in Theorem 1. Clearly,
Kðf ðaÞÞ ¼ KðgðaÞÞ for all aAD; if and only if
X
aAD
fKðf ðaÞÞ  KðgðaÞÞg2 ¼ 0:
This is equivalent to
S ¼
X
aAD
fðKðf ðaÞÞÞ2 þ ðKðgðaÞÞÞ2  2Kðf ðaÞÞKðgðaÞÞg ¼ 0:
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Using the ﬁrst condition in Theorem 1, this implies
S ¼ 2
X
aAD
fðKðf ðaÞÞÞ2  Kðf ðaÞÞKðgðaÞÞg
¼ 2
X
aAD
X
x;yAFn
2m
ðð1ÞTrð
1
x
þ1
y
þf ðaÞðxþyÞÞ  ð1ÞTrð
1
x
þ1
y
þf ðaÞxþgðaÞyÞÞ
¼ 2
X
aAD
X
x;yAFn
2m
ð1ÞTrð
1
x
þ1
y
þf ðaÞðxþyÞÞ½1 ð1ÞTrððf ðaÞþgðaÞÞyÞ

¼ 4
X
aAD
X
yAH
X
xAFn
2m
ð1ÞTrð
1
x
þ1
y
þf ðaÞðxþyÞÞ
;
where H ¼ fyAFn2m j Trððf ðaÞ þ gðaÞÞyÞ ¼ 1g:
Let Dn ¼ faAD j f ðaÞagðaÞg and z ¼ ðf ðaÞ þ gðaÞÞy; then
S ¼ 4
X
aADn
Kðf ðaÞÞ
X
zAFn
2m
;TrðzÞ¼1
ð1ÞTrð
f ðaÞþgðaÞ
z
þ f ðaÞ
f ðaÞþgðaÞzÞ:
The result of Theorem 1 now follows from Lemma 2. &
Corollary 1. For any aAFn2m and any m; it holds that
Kða3ð1þ aÞÞ ¼ Kðað1þ aÞ3Þ
and
Kða5ð1þ aÞÞ ¼ Kðað1þ aÞ5Þ:
Proof. Let lAf0; 1g and let f ðaÞ ¼ a2lþ1þ1ð1þ aÞ and gðaÞ ¼ að1þ aÞ2lþ1þ1: Then, we
have f ðaÞgðaÞ ¼ ðað1þ aÞÞ2lþ1þ2 and
ðf ðaÞ þ gðaÞÞ2lþ1þ2 ¼ða2lþ1þ1ð1þ aÞ þ að1þ aÞ2lþ1þ1Þ2lþ1þ2
¼ða2lþ1þ1 þ a2lþ1þ2 þ að1þ a þ a2lþ1 þ a2lþ1þ1ÞÞ2lþ1þ2
¼ðað1þ aÞÞ2lþ1þ2
¼ f ðaÞgðaÞ:
Since gðaÞ ¼ f ða þ 1Þ; clearly the multisets f ðF2mÞ and gðF2mÞ are equal, and since
pðxÞ ¼ ð 1
x2þxþdÞ
2l þ x is a permutation in the cases lAf0; 1g; the result follows from
Theorem 1. &
T. Helleseth, V. Zinoviev / Finite Fields and Their Applications 9 (2003) 187–193192
Remark. We remark that numerical results indicate that pðxÞ ¼ ð 1
x2þxþdÞ
2l þ x is a
permutation only in the cases lAf0; 1g: However, there are other values of s where
pðxÞ ¼ ð 1
x2þxþdÞ
s þ x is a permutation, see Table 1. These values do not seem to have
any obvious connections to Kloosterman sums and may be a topic for further
investigations.
3. Conclusions
We have found new identities on Kloosterman sums over F2m for any positive
integer m: This answers the open problem posed by Shin and Sung [8].
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Table 1
Values of s giving permutation polynomials
m a d Values of s
5 x5 þ x2 þ 1 a5 1, 2, 10, 15, 17, 23, 27, 29, 30
6 x6 þ x þ 1 a5 1, 2, 31, 35, 55, 58, 59, 62
7 x7 þ x þ 1 a7 1, 2, 42, 63, 95, 119, 125, 126
8 x8 þ x5 þ x3 þ x þ 1 a3 1, 2, 90, 127, 135, 191, 223, 239, 247, 251, 253, 254
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